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An L2-isolation theorem for Yang-Mills fields on
Ka¨hler surfaces
Teng Huang
Abstract
We prove an L2 energy gap result for Yang-Mills connections on principal G-
bundles over compact Ka¨hler surfaces with positive scalar curvature. We prove re-
lated results for compact simply-connected Calabi-Yau 2-folds.
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1 Introduction
A connection on a principal bundle is called Yang-Mills connection when it gives a critical
point of the Yang-Mills functional, that is, it satisfies the Yang-Mills equation
d∗AFA = 0.
From the Bianchi identity dAFA = 0, a Yang-Mills connection is nothing but a connection
whose curvature is harmonic with respect to the covariant exterior derivative dA. In this
article the principal bundle P is always smooth.
Over a 4-dimensional Riemannnian manifold, FA is decomposed into its self-dual and
anti-self-dual components,
FA = F
+
A + F
−
A
where F±A denotes the projection onto the ±1 eigenspace of the Hodge star operator.
A connection is called self-dual (respectively anti-self-dual) if FA = F+A (respectively
FA = F
−
A ). A connection is called an instanton if it is either self-dual or anti-self-dual. On
compact oriented 4-manifolds, an instanton is always an absolute minimizer of the Yang-
Mills energy. Not all Yang-Mills connections are instantons. See [9, 10] for example the
SU(2) Yang-Mills connection on S4 which are neither self-dual nor anti-self-dual.
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It is a very interesting problem for us to study when Yang-Mills connection is anti-
self-dual (or self-dual).
In [1], Bourguignon-Lawson proved that Yang-Mills connection on P → X a prin-
cipal SU(N)-bundle, where X is a four-dimensional anti-self-dual compact Riemannian
manifold with positive scalar curvature S must be anti-self-dual, provided |F+A | ≤ S12 . It
is extended to more general cases in [12, 13, 14].
Further, Min-Oo [7] proved that the Yang-Mills connection on P → X a principal
SU(2)-bundle must be anti-self-dual, whenever
∫
S4
|F+A |2 ≤ C, where C is suitable pos-
itive constant.
Now we assume that the base manifold is a Ka¨hler surface. Then the curvature splits
into
FA = F
2,0
A + F
1,1
A + F
0,2
A ,
where F p,qA is the (p, q)-component. We have from the Bianchi identity ∂AF
2,0
A = 0 and
∂¯AF
0,2
A = 0 with respect to the partial covariant derivatives. An anti-self-dual connec-
tion relates to a semi-stable holomorphic structure together with an Einstein-Hermitian
structure on the associated complex vector bundle [2].
The self-dual part F+A is given as F+A = F
2,0
A + F
0,2
A +
1
2
(ΛωFA)⊗ ω and the anti-self-
dual part F−A is a form of type (1, 1) which is orthogonal to ω [3, 6].
Denote byAYM the space of Yang-Mills connections andAHYM the space of connec-
tions whose curvature satisfies FˆA = λIdE, here λ is a constant. There spaces are gauge
invariant with respect to the group G of gauge transformations.
The following gives an isolation phenomenon relative to L2-norm of FˆA .
Theorem 1.1. Let M be a compact Ka¨hler surface with positive scalar curvature and A
be a Yang-Mills connection on a bundle E over M with compact, semi-simple Lie group
G. There exist a positive constant δ = δ(M,E,A) with the following significance. If FˆA
satasfies
‖FˆA − λIdE‖L2(M) ≤ δ,
where λ = 2(C1(E)·[w])
rank(E)[w]2
, then
F 0,2A = 0 and FˆA = λIdE
We have then from this theorem an open subset
W = {[A] : ‖FˆA − λIdE‖L2(X) ≤ δ}
in the orbit space A/G of connections with property AHYM/G = W ∩ AYM/G.
In the case that the scalar curvature S = 0, we consider irreducible Yang-Mills con-
nections on compact Calabi-Yau 2-folds.
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A connection is irreducible when it admits nontrivial covariantly constant Lie algebra-
valued 0-form. Denote by AˆYM the space of irreducible Yang-Mills connections and
Aˆ0 the space of irreducible connections whose curvature satisfies FˆA = 0. Then the
theorem asserts that AˆYM ∩ Aˆ0 = AˆASD, here AˆASD is the space of irreducible anti-
self-dual connections. There spaces are gauge invariant with respect to the group G of
gauge transformations. So the moduli space of irreducible ansi-self-dual connections
AˆASD/G = AˆYM/G ∩ Aˆ0/G.
The following gives an isolation phenomenon relative to L2-norm of FˆA over compact
Calabi-Yau 2-fold.
Theorem 1.2. Let M be a compact simply-connected Calabi-Yau 2-fold and A be a ir-
reducible Yang-Mills connection on a bundle E over M with compact, semi-simple Lie
group G. There exist a positive constant δ = δ(M,A) with the following significance. If
FˆA satisfies
‖FˆA‖L2(M) ≤ δ,
then A is anti-self-dual connection.
2 Yang-Mills connection over Ka¨hler manifold
Let M be a Ka¨hler manifold with Ka¨hler metric g and P → M be a smooth principal
bundle over M with a compact semi-simple Lie group G. For any connection A on P we
have the covariant exterior derivatives dA : Ωk → Ωk+1(gP ) where Ωk(gP ) denotes the
space of Lie-algebra value k-forms. Like the canonical splitting the exterior derivatives
d = ∂ + ∂¯, decomposes over M into dA = ∂A + ∂¯A. The curvature splits into FA =
F 2,0A + F
1,1
A + F
0,2
A , where F
p,q
A is the (p, q)-component. Then we get from the Bianchi
identity
∂AF
2,0
A = ∂¯AF
0,2
A = 0
∂¯AF
2,0
A + ∂AF
1,1
A = ∂AF
0,2
A + ∂¯AF
1,1
A = 0.
Decompose the curvature, FA, as
FA = F
2,0
A + F
1,1
A0 +
1
n
FˆA ⊗ ω + F 0,2A ,
where FˆA := ΛωFA and F 1,1A0 = F
1,1
A − 1nFˆA ⊗ ω.
Proposition 2.1. Let A be a Yang-Mills connection on a bundle E over a Ka¨hler n-fold,
then
(1) 2∂¯∗AF
0,2
A =
√−1∂¯AFˆA, (2.1)
(2) 2∂∗AF
2,0
A = −
√−1∂AFˆA. (2.2)
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Proof. We only prove the first identity, the second’s proof is similar. Recall that the
Bianchi equations dAFA = 0, we take (1, 2) part, it implies that
0 = ∂¯AF
1,1
A0 +
1
n
∂¯A(FˆA ⊗ ω) + ∂AF 0,2A ,
hence,
0 =
√−1Λω(∂¯AF 1,1A0 ) +
1
n
√−1Λω∂¯A(FˆA ⊗ ω) +
√−1Λw∂AF 0,2A . (2.3)
The Yang-Mills connection d∗AFA = 0, we take (0, 1) part, it implies that
∂∗A(F
1,1
A0 +
1
n
FˆA ⊗ ω) + ∂¯∗AF 0,2A = 0. (2.4)
By Hodge identities (see [8] 6.12)
[Λω, ∂¯A] = −
√−1∂∗A and [Λw, ∂A] =
√−1∂¯∗A,
we can write (2.4) to
0 =
√−1[Λω, ∂¯A](F 1,1A0 +
1
n
FˆA ⊗ ω)−
√−1[Λw, ∂A]F 0,2A
=
√−1Λω(∂¯AF 1,1A0 ) +
1
n
√−1Λω∂¯A(FˆA ⊗ ω)−
√−1∂¯AFˆA −
√−1Λw∂AF 0,2A .
(2.5)
By (2.3) and (2.5), we obtain
0 = −2√−1Λω∂AF 0,2A −
√−1∂¯AFˆA
= 2∂¯∗AF
0,2
A −
√−1∂¯AFˆA.
A connection is irreducible when it admits no nontrivial covariantly constant Lie
algebra-value 0-form, i.e.,
ker{dA : Ω0(gP )→ Ω1(gP )} = {0}.
Lemma 2.2. Let M be a compact Ka¨hler n-fold (n ≥ 2) and A be a irreducible Yang-
Mills connection on a bundle E over M with compact, semi-simple Lie group G. There
exist constants C = C(g, A) such that either
FˆA = 0,
or
‖FˆA‖L2(M) ≤ C‖F 0,2A ‖2L4(M).
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Proof. From Proposition 2.1 (2.1), we obtain
2∂¯A∂¯
∗
AF
0,2
A =
√−1∂¯A∂¯AFˆA =
√−1[F 0,2A , FˆA].
Hence
‖∂¯∗AF 0,2A ‖2L2(M) =
∫
M
〈∂¯A∂¯∗AF 0,2A , F 0,2A 〉 =
∫
M
〈
√−1
2
[F 0,2A , FˆA], F
0,2
A 〉 (2.6)
There is a constant c > 0 depending on the Lie algebra g such that |[X, X¯]| ≤ c|X|2.
Then
∫
M
〈
√−1
2
[F 0,2A , FˆA], F
0,2
A 〉
= −
∫
M
tr(
√−1
2
[F 0,2A , FˆA] ∧ ∗F 0,2A ) =
∫
M
tr(
√−1
2
FˆA ∧ [F 0,2A , ∗F 0,2A ])
=
∫
M
〈
√−1
2
FˆA,
∑
ij
[F 0,2ij , F
0,2
ij ]〉
≤ c
∫
M
|FˆA||F 0,2A |2 ≤ c‖FˆA‖L2(M)‖F 0,2A ‖2L4(M).
(2.7)
here we used the Ho¨lder inequality
∫
M
|FˆA||F 0,2A |2 ≤ ‖FˆA‖L2(M)‖F 0,2A ‖2L4(M).
Then from (2.6) and (2.7), we get,
‖∂¯AFˆA‖2L2(M) = 4‖∂¯∗AF 0,2A ‖2L2(M) ≤ c‖FˆA‖L2(M)‖F 0,2A ‖2L4(M) (2.8)
In the similar way, we get
‖∂AFˆA‖2L2(M) ≤ c‖FˆA‖L2(M)‖F 2,0A ‖2L4(M). (2.9)
Since A is a irreducible connection, there exist a positive constant λ = λ(A) ≥ 0 such
that
λ‖FˆA‖L2(M) ≤ ‖dAFˆA‖L2(M) = ‖∇AFˆA‖L2(M).
From (2.8) and (2.9), we get
λ2‖FˆA‖2L2(M) ≤ ‖dAFˆA‖2L2(M) =
(‖∂¯AFˆA‖2L2(M) + ‖∂AFˆA‖2L2(M))
≤ c‖FˆA‖L2(M)‖F 0,2A ‖2L4(M).
Hence, we obtain
‖FˆA‖2L2(M) ≤ cλ−2‖FˆA‖L2(M)‖F 0,2A ‖2L4(M)
Hence, we can choose C = C(M,A) = cλ−2.
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Proposition 2.3. Let M be a compact Ka¨hler n-fold (n ≥ 2) andA be a irreducible Yang-
Mills connection on a bundle E over M with compact, semi-simple Lie group G. There
exist a positive constant δ = δ(M,A) with the following significance. If FˆA satisfies
‖FˆA‖Ln(M) ≤ δ,
then
ker∆∂¯A |Ω0(gP ) = {0}.
Proof. By [3] Lemma 6.1.7, for any connection A, we have
2∂¯∗A∂¯As = d
∗
AdAs +
√−1[FˆA, s],
where s ∈ Ω0(gP ). For any section s ∈ ker∆∂¯A , we have
d∗AdAs = −
√−1[FˆA, s],
hence,
‖dAs‖2L2(M) = −
∫
M
〈√−1[FˆA, s], s〉
≤ ‖FˆA‖Ln(M)‖s‖2
L
2n
n−1 (M)
≤ CS‖FˆA‖Ln(M)‖s‖2L2
1
(M)
(2.10)
The last inequality, we used the Sobolev embedding L21(M) →֒ L
2n
n−1 (M) with embed-
ding constant CS, here dim(M) = 2n .
Since A is a irreducible connection, then there exist a positive constant λ = λ(A) such
that
λ‖s‖L2(M) ≤ ‖dAs‖L2(M) = ‖∇As‖L2(M). (2.11)
By Kato inequality,
∣∣∇|s|∣∣ ≤ |∇As| and (2.10), (2.11), hence
‖dAs‖2L2(M) ≤ CS‖FˆA‖Ln(M)(1 + λ−2)‖dAs‖2L2(M)
We can choose δ = 1
2CS(1+λ−2)
, then dAs ≡ 0. Since A is a irreducible connection, we
obtain s ≡ 0.
3 Yang-Mills connection over a Ka¨hler surface
We set ∆∂¯A = ∂¯A∂¯
∗
A + ∂¯
∗
A∂¯A, ∆∂A = ∂A∂
∗
A + ∂
∗
A∂A, and ∆A = d∗AdA + dAd∗A.
Proposition 3.1. (Weitzenbo¨ck formula) Let M be a complete Ka¨hler surface with Rie-
mannian metric g and A be a connection on a bundle E over M . Then for each φ ∈
Ω0,2(gCP ),
∆∂¯Aφ = ∇∗A∇Aφ+
√−1[FˆA, φ] + 2Sφ (3.1)
where S is the scalar curvature of the metric g.
An L2-isolation theorem for Yang-Mills fields on Ka¨hler surfaces 7
Proof. The component of ∂¯Aφ is given by ∇A,µ¯φν¯λ¯+∇A,ν¯φλ¯µ¯+∇A,λ¯φµ¯ν¯ , where ∇A,µ¯· =
∇µ¯ ·+[Aµ¯, ·] (∇A,µ· = ∇µ ·+[Aµ, ·]). Then ∂¯∗A∂¯Aφ reduces to
−
∑
gστ¯∇A,σ(∇A,τ¯φµ¯ν¯ +∇A,µ¯φν¯τ¯ +∇A,ν¯φτ¯ µ¯).
We have similarly
∂¯A∂¯
∗
Aφ = −
∑
gστ¯ (∇A,µ¯∇A,σφτ¯ ν¯ −∇A,ν¯∇A,σφτ¯ µ¯).
Then
(∆∂¯Aφ)µ¯ν¯ = −
∑
gστ¯∇A,σ∇A,τ¯φµ¯ν¯ −
∑
gστ¯ [∇A,µ¯,∇A,σ]φτ¯ ν¯
+
∑
gστ¯ [∇A,ν¯,∇A,σ]φτ¯ µ¯
= −
∑
gστ¯∇A,σ∇A,τ¯φµ¯ν¯ −
∑
gστ¯ [FA,µ¯σ, φτ¯ ν¯ ]
+
∑
gστ¯ [FA,ν¯σ, φτ¯ µ¯] +
∑
(Rγ¯µ¯φγ¯ν¯ − Rγ¯ν¯φγ¯ν¯).
Since the base manifold is Ka¨hler surface S = 1
2
∑
gσ¯τRτ σ¯ and FˆA =
√−1∑ gτσ¯FA,σ¯τ .
Thus (3.1) is obtained.
From Proposition 2.1 equation (2.1), we have
∆∂¯AF
0,2
A = −
1
2
[
√−1FˆA, F 0,2A ],
then we obtain
Proposition 3.2. Let M be a complete Ka¨hler surface with Riemannian metric g and A
be a Yang-Mills connection on a bundle E over M . Then we have
∇∗A∇AF 0,2A +
3
2
[
√−1FˆA, F 0,2A ] + 2SF 0,2A = 0 (3.2)
From the identity,
∗FA = F+A − F−A = F 0,2A +
1
2
FˆA ⊗ ω − F 1,1A0 + F 0,2A .
We can write Yang-Mills functional as
YM(A) = 4‖F 0,2A ‖2 + ‖FˆA‖2 + (2C2(E)− C1(E)2)
= 4‖F 0,2A ‖2 + ‖FˆA − λIdE‖2 + (2C2(E)− C1(E)2) +
2(C1(E) · [ω])2
rank(E)[ω]2
,
where λ = 2(C1(E)·[ω])
rank(E)[ω]2
. The energy functional ‖FˆA‖2 plays an important role in the study
of Hermitian-Einstein connections (See [2] and [11] ). Recall that a connection on a holo-
morphic vector bundle on a Ka¨hler manifold is called Hermitian-Einstein if FˆA = λId.
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Proposition 3.3. ([2] Proposition 3) Let A be an integrable Yang-Mills connection on an
Hermitian vector bundle E over a Ka¨hler n-fold M . Then A is a direct sum of Hermitian-
Einstein connections. Further more, we can denote A = ⊕li=1Ai where E = ⊕li=1Ei is
an orthogonal splitting of E, and where FˆAi = λiIdEi .
Under condition of Proposition 3.3, we have
‖FˆA − λIdE‖L2(M) =
( l∑
i=1
rank(Ei)|λi − λ|2V ol(M)
) 1
2 .
Corollary 3.4. Let A be an integrable Yang-Mills connection on an Hermitian vector
bundle E over a Ka¨hler n-fold M . Then there exist a constant δ = δ(M,E,A) such that
‖FˆA − λIdE‖L2(M) ≥ δ,
or
FˆA = λIdE
Proof. If we suppose the Yang-Mills connection A is not a Hermitian-Yang-Mills con-
nection. Then from Proposition 3.3, the orthogonal splitting,⊕li=1Ei, of E such that there
exist λi 6= λ. Hence
‖FˆA − λIdE‖L2(M) ≥
(
rank(Ei)|λi − λ|2vol(M)
) 1
2 .
then we can choose δ = (rank(Ei)|λi − λ|2vol(M)) 12 .
Next, we gives an isolation theorem relative to L2-norm of FˆA on a compact Ka¨hler
surface with positive scalar curvature as follow.
Theorem 3.5. Let M be a compact Ka¨hler surface with positive scalar curvature and A
be a Yang-Mills connection on a bundle E over M with compact, semi-simple Lie group
G. There exist a positive constant δ = δ(M,E,A) with the following significance. If FˆA
satasfies
‖FˆA − λIdE‖L2(M) ≤ δ,
where λ = 2(C1(E)·[w])
rank(E)[w]2
, then
F 0,2A = 0 and FˆA = λIdE
Proof. From Proposition 3.2, we have
∇∗A∇AF 0,2A +
3
√−1
2
[FˆA − λId, F 0,2A ] + 2SF 0,2A = 0
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and hence
∫
M
〈∇∗A∇AF 0,2A , F 0,2A 〉+ 2S
∫
M
〈F 0,2A , F 0,2A 〉 = −
∫
M
〈3
√−1
2
[FˆA − λId, F 0,2A ], F 0,2A 〉
(3.3)
By Kato inequality,
∣∣∇|F 0,2A |∣∣ ≤ |∇AF 0,2A |, we estimate left hand of (3.3)
∫
M
〈∇∗A∇AF 0,2A , F 0,2A 〉+ 2S
∫
M
〈F 0,2A , F 0,2A 〉 ≥ C‖F 0,2A ‖2L2
1
(X), (3.4)
where C = min{1, 2S}. Next, we estimate right hand of (3.3)
|
∫
M
〈3
√−1
2
[FˆA − λId, F 0,2A ], F 0,2A 〉| ≤ ‖FˆA − λIdE‖L2(X)‖F 0,2A ‖L4(X) (3.5)
Then from (3.3)–(3.5), we get
C‖F 0,2A ‖2L2
1
(X) ≤ ‖FˆA − λIdE‖L2(X)‖F 0,2A ‖L4(X)
≤ CSδ‖F 0,2A ‖L21(X).
where CS is Sobolev constant. We choose δ = C2CS , then F
0,2
A ≡ 0. From Corollary 3.4,
we also obtain FˆA = λIdE.
From Proposition 3.2, for each φ ∈ ker∆∂¯A |Ω0,2(gCP ), we have
∇∗A∇Aφ+
√−1[FˆA − λIdE, φ] + 2Sφ = 0.
As above, we have
Corollary 3.6. Let M be a compact Ka¨hler surface with positive scalar curvature and A
be a Yang-Mills connection on a bundle E over M with compact, semi-simple Lie group
G. There exist a positive constant δ = δ(M) with the following significance. If FˆA satisfies
‖FˆA − λIdE‖L2(M) ≤ δ,
where λ = 2(C1(E)·[w])
rank(E)[w]2
, then
ker∆∂¯A |Ω0,2(gCP ) = {0}.
In the case that the scalar curvature S = 0, we consider irreducible Yang-Mills con-
nections on compact Calabi-Yau 2-folds.
Let M be a compact simply-connected Calabi-Yau 2-fold, with Ka¨hler form ω and
nonzero covariant constant (2, 0)-form θ ([4] Definition 4.3 and [5] Corollary 4.B.23),
here θ ∧ θ¯ = ω2
2
. The form θ give us a Hodge star
∗θ : Ω0,2(gP )→ Ω0(gP )
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defined by ∗θ· = ∗(· ∧ θ)
Let A be a connection on a G-bundle E over M . We can define a section s ∈ Ω0(gCP ),
such that
∗ (s ∧ θ) = F 0,2A , (3.6)
hence, we have
− ∗(∂¯As ∧ θ) = ∂¯∗AF 0,2A . (3.7)
From (3.6) and (3.7), in a direct calculate, we have
|s| = |F 0,2A | and |∂¯As| = |∂¯∗AF 0,2A |.
Next, we also give an isolation theorem relative to L2-norm of FˆA on compact Calabi-Yau
2-folds.
Theorem 3.7. Let M be a compact simply-connected Calabi-Yau 2-fold and A be a ir-
reducible Yang-Mills connection on a bundle E over M with compact, semi-simple Lie
group G. There exist a positive constant δ = δ(M,A) with the following significance. If
FˆA satisfies
‖FˆA‖L2(M) ≤ δ,
then A is anti-self-dual.
Proof. By [3] Lemma 6.1.7, for any connection A, we have
2∂¯∗A∂¯As = d
∗
AdAs +
√−1[FˆA, s],
where s ∈ Ω0(gCP ) satisfies (3.6). Hence, we have
‖dAs‖2L2(M) = 2‖∂¯As‖2L2(M) −
∫
M
〈√−1[FˆA, s], s〉. (3.8)
We estimate the right hand of (3.8),
2‖∂¯As‖2L2(M) −
∫
M
〈√−1[FˆA, s], s〉
= 2‖∂¯∗AF 0,2A ‖2L2(M) −
∫
M
〈√−1[FˆA, s], s〉
= 2
∫
M
〈∂¯A∂¯∗AF 0,2A , F 0,2A 〉 −
∫
M
〈√−1[FˆA, s], s〉
=
∫
M
〈√−1∂¯A∂¯AFˆA, F 0,2A 〉 −
∫
M
〈√−1[FˆA, s], s〉
≤ 2‖FˆA‖L2(M)‖F 0,2A ‖2L4(M) + 2‖FˆA‖2L2(M)‖s‖2L4(M)
(3.9)
By Kato inequality,
∣∣∇|s|∣∣ ≤ |∇As| = |dAs|, we have
‖F 0,2A ‖2L4(M) = ‖s‖2L4(M) ≤ CS‖s‖2L2
1
(M) ≤ CS
(‖s‖2L2(M) + ‖dAs‖2L2(M)). (3.10)
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Since A is a irreducible connection, then there exist a positive constant λ = λ(A) such
that
λ‖s‖L2(M) ≤ ‖dAs‖L2(M). (3.11)
From (3.9)–(3.11), we obtain
‖dAs‖2L2(M) ≤ 4CS‖FˆA‖L2(M)(1 + λ−2)‖dAs‖2L2(M).
We choose δ = 1
8CS(1+λ−2)
, then dAs ≡ 0. Since A is irreducible, then s ≡ 0.
From Proposition 2.2, we have
Corollary 3.8. Let M be a compact simply-connected Calabi-Yau 2-fold and A be a
irreducible Yang-Mills connection on a bundle E over M with compact, semi-simple Lie
group G. There exist a positive constant δ = δ(M,A) with the following significance. If
F 0,2A satisfies
‖F 0,2A ‖L4(M) ≤ δ,
then A is anti-self-dual connection.
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